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We report results for solitons in models of waveguides with focusing or defocusing saturable nonlinearity and a parity-time (PT )-symmetric complex-valued external potential of the Scarf-II type. The model applies to the nonlinear wave propagation in gradedindex optical waveguides with balanced gain and loss. We find both fundamental and multipole solitons for both focusing and defocusing signs of the saturable nonlinearity in such PT -symmetric waveguides. The dependence of the propagation constant on the soliton's power is presented for different strengths of the nonlinearity saturation, S. The stability of fundamental, dipole, tripole and quadrupole solitons is investigated by means of the linear-stability analysis and direct numerical simulations of the corresponding (1+1)-dimensional nonlinear Schrödinger-type equation. The results show that the instability of the stationary solutions can be mitigated or completely suppressed, increasing the value of S.
This article is part of the theme issue 'Dissipative structures in matter out of equilibrium: from chemistry, photonics and biology (part 1)'. 
The governing model
In the paraxial approximation, the optical wave propagation in a planar graded-index waveguide with saturable nonlinearity is governed by the (1+1)-dimensional nonlinear Schrödinger equation, written here in the scaled form:
is a complexvalued potential, and σ = ±1 represent focusing (+) and defocusing (−) signs of the nonlinearity, respectively. Finally, the coefficient S defines the saturation of the nonlinearity [45, 46] . Stationary solutions are sought for in the usual form, ψ(ζ , ξ ) = φ(ξ ) e iβζ , where φ(ξ ) is a complex function and β is a real propagation constant. Substitution of this in equation (2.1) yields
In this paper, we consider the nonlinear model with the PT -symmetric Scarf-II potential [47, 48] of the form
and
where V 0 and W 0 represent the strengths of its real and imaginary parts, and ξ 0 defines the width of the PT -symmetric potential.
The analysis of the stationary solutions
We seek for solutions to equation (2.1) with both focusing and defocusing sign of the nonlinearity, i.e. σ = +1 and σ = −1, respectively. As an example, which adequately represents the generic case, we choose V 0 = 8, W 0 = 4 and ξ 0 = 4 in equations (2.3) and (2.4) .
The numerical results demonstrate that there exist both fundamental and higher-order stationary solutions of equation (2.2) . The dependence of the nonlinear propagation constants on the soliton's integral power, P = +∞ −∞ |φ| 2 dξ , is presented in figure 1 , where blue and red curves correspond to the case of focusing and defocusing saturable nonlinearities, respectively. Figure 1 demonstrates that the β(P) curves originate, at P = 0, from values corresponding to the respective modes generated by the linear Schrödinger equation with the potential (2.3), (2.4) . Further, figure 1 shows too that the slope of the dependence is positive and negative, i.e. dβ/dP > 0 and dβ/dP < 0, respectively, for the focusing and defocusing sign of the nonlinearity. In either case, the sign complies, severally, with the Vakhitov-Kolokolov (VK) [49, 50] or anti-VK [51] criteria, which are necessary conditions for the stability of solitons created by focusing or defocusing nonlinearity of any type, including the saturable one. The profiles of the corresponding solitons, for P increasing from 0.01 to 10, are depicted in figure 2.
It is also relevant to address the dependence of the propagation constant, β, of fundamental solitons on the integral power, P, for different values of the saturation parameter S. The saturation slows the variation of β with the growth of P, for both the focusing and defocusing signs of the nonlinearity, as shown in figure 3 . Naturally, when S is very small (e.g. S = 0.1) in figure 3 , the β(P) dependence is close to that obtained for the cubic nonlinearity. where δ is the (complex) instability growth rate sought for. The substitution of equation (4.1) into equation (2.1) and subsequent linearization leads to the eigenvalue problem for δ:
with operators
3) figure 4 , respectively). The numerical results displayed in 4(a 1 ) and 4(a 2 ) show that, under the action of the self-focusing nonlinearity, Max(δ R ) is negligibly small for the fundamental and dipole solitons, which indicates that they are linearly stable, irrespective of the value of S. On the other hand, the tripoles and quadrupoles are stable when the solitons' power is sufficiently small, as seen in 4(a 3 ) and 4(a 4 ) (in fact, the quadrupoles are almost completely unstable). Further, under the action of self-defocusing nonlinearity, fundamental solitons are linearly stable, irrespective of S, as shown in figure 4 (b 1 ), while 4(b 2 ), 4(b 3 ) and 4(b 4 ) show that the dipoles, tripoles and quadrupoles are stable, in this case, only in tiny intervals of very small powers. A general trend, suggested by these results, is that the instability is attenuated with the increase of the saturation strength S.
The results of the linear-stability analysis are confirmed, separately in figures 5 and 6 for the focusing and defocusing nonlinearities, by direct numerical simulations of the perturbed evolution of solitons, performed in the framework of equation (2.1). In these figures, the results of the simulations are displayed along with (in)stability spectra of the underlying stationary states. The eigenvalue spectra of equation It is observed that the unstable tripole is spontaneously transformed into a breather, while the quadrupole is, eventually, destroyed by the instability. Similar results for the defocusing nonlinearity are summarized in figure 6 , where, in accordance with the prediction of the linear-stability analysis, the fundamental soliton is stable, while dipole, tripole and quadrupole are not, transforming into breathers.
Conclusion
We have performed a systematic study of solitons in the models of waveguides with the selffocusing and defocusing saturable nonlinearity and PT -symmetric complex-valued potential of the Scarf-II type. Both models support families of fundamental, dipole, tripole and quadrupole solitons. Their stability has been investigated by means of the linear-stability analysis, and confirmed by direct numerical simulations. In particular, fundamental solitons are completely stable for both signs of the nonlinearity and, quite interestingly, dipoles and a part of the tripole family are stable too in the case of self-focusing nonlinearity. Other soliton families are practically completely unstable, including all higher-order solitons under the action of self-defocusing nonlinearity. A general trend is that the increase of the saturation strength partly suppresses the instability.
As an extension of the analysis, it may be interesting to perform it for more general shapes of the PT -symmetric external potential.
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